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Abstract

The paper presents a three-dimensional (3-D) computational study of natural convection cooling on a 3-by-3
array of discrete heat sources ¯ush-mounted on one vertical wall of a rectangular enclosure ®lled with various

liquids (Pr=5, 9, 25 and 130) and cooled by the opposite wall. The non-dimensional governing equations with
appropriate boundary conditions are solved in the primitive variable form employing a semi-implicit ®nite volume
formulation. The procedures are validated experimentally and numerically with published results. Computations are
performed for a range of modi®ed Rayleigh numbers from 104 to 108 while the enclosure aspect ratio varies from

1 to 20. The e�ects of modi®ed Rayleigh number, enclosure aspect ratio and Prandtl number on heat transfer
characteristics are investigated. The results reveal that the ¯ow ®eld is complex and the heat transfer from the
discrete heaters is not uniform. The row-averaged Nusselt number increases with Rayleigh number in the power of

0.27. It also increases with enclosure aspect ratio in the range of 1±3 and attains the maximum when aspect ratio is
greater than 03. The heater surface temperature is the highest at the top-row heaters regardless of the modi®ed
Rayleigh number and enclosure aspect ratio. The e�ects of Prandtl number are negligible in the range from

5 to 130. # 1999 Elsevier Science Ltd. All rights reserved.

1. Introduction

The conventional method of cooling by either free

or forced convection of ambient air is no longer ade-

quate to cope with the high heat ¯ux generated by IC

chips [1,2]. In the past decades, a signi®cant amount of

research has been devoted to the development of elec-

tronic cooling technology employing dielectric cool-

ants. The research shows that the indirect liquid

cooling has failed to meet the harsh thermal require-

ments due to poor thermal conductance at the solid±

solid interface. Following the successful introduction

of direct liquid immersion cooled supercomputers in

the late 80's, the Cray-2 and the ETA-10, it has led

some observers to suggest that direct cooling with

inert, dielectric liquids may become the solution for

computers in the late 90's. However, direct liquid cool-

ing technology has not gained widespread popularity

due to the lack of understanding of the transport

phenomena using dielectric coolants and numerous

parameters are involved. It is noticed that 3-D numeri-

cal studies on natural convection liquid cooling are

rare as compared to its counterpart on forced convec-
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tion liquid cooling. Several numerical analyses have

been carried out to investigate some of the parameters
that a�ect the natural convective heat transfer from
arrays of heaters in an enclosure [3±11].

A natural convective mode of heat transfer is
favored wherever possible and there is a need for a
better understanding on the transport processes in

order to take advantage of the scheme. With this mo-

tivation, the present work is initiated to investigate the

single-phase natural convective transport phenomena
in a liquid ®lled enclosure with arrays of discrete heat
sources using a 3-D numerical model. The objective is

to extend the study to cover a wider range of Rayleigh
number (Ra=104±108) and Prandtl number (Pr=5±
130) and to examine the e�ects of the enclosure aspect

ratio (A=1±20) that have not been reported.

Nomenclature

A enclosure aspect ratio (height-to-width ratio)
Ah heat source area
E, I, b heat source location

C depth of enclosure along y-axis
D width of enclosure along x-axis
g gravitational acceleration

h heat transfer coe�cient
H height of enclosure along z-axis
k thermal conductivity

Lz, Lx square heat source length
Nul Nusselt number based on length of heat source
p dynamic pressure
P dimensionless dynamic pressure

Pr Prandtl number
q0 heat ¯ux [W mÿ2]
Ra modi®ed Rayleigh number

Sx heater pitch in the span-wise (x )-direction
Sz heater pitch in the stream-wise (z )-direction
T ¯uid temperature

Tc cold wall temperature
u velocity in x-direction
U dimensionless velocity in x-direction

v velocity in y-direction
V dimensionless velocity in y-direction
w velocity in x-direction
W dimensionless velocity in z-direction

x x coordinate
X dimensionless coordinate in x-direction
y y coordinate

Y dimensionless coordinate in y-direction
z z coordinate
Z dimensionless coordinate in z-direction.

Greek symbols

a thermal di�usivity
b thermal expansion coe�cient
y dimensionless temperature

m dynamic viscosity
n ¯uid kinematic viscosity
r ¯uid density

r0 ¯uid density at cold wall temperature
f general variable.
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2. Model formulation

2.1. Governing equations and assumptions

The non-dimensional governing equations in

Cartesian form for the present study are the continu-
ity, momentum and energy equations:
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where the non-dimensional parameters are de®ned as

follows:

Ra � gq0L4
zb=�kna�, Pr � n=a, U � uLz=a,

V � nLz=a, W � wLz=a

X � x=Lz, Y � y=Lz, Z � z=Lz, P � p=�r0�a=Lz�2,

y � �Tÿ Tc�=�q0Lz=k�:

It can be seen, from the above governing equations,
that the modi®ed Rayleigh number and Prandtl num-
ber are two of the important model parameters for a

given ¯ow geometry. In the model development, ¯uid
is assumed to be isotropic and the Boussinesq approxi-
mation applies. It is also assumed that there is no

source/sink in the system at steady-state condition and
that ¯uid properties remain unchanged. The heat
transfer characteristics are described by the Nusselt

number with is de®ned as follows:

. The local Nusselt number:

NuLz
�x,z� � q0Lz
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2.2. Model geometry and parameters

Figs. 1 and 2 illustrate a schematic sketch and the
physical dimensions of the simulated rectangular enclo-

sure which is similar to the experimental arrangements
of [12] and [10,11]. The enclosure is de®ned with
respect to a Cartesian coordinate X±Y±Z with the Z-

axis pointing upwards. A 3 � 3 array (12.7 � 12.7 �
9.5 mm) composed of discrete, ¯ush-mounted, iso-¯ux
heat sources is installed on one of the vertical walls

while the opposite wall is treated as an isothermal sur-
face maintained at a lower temperature. The discrete
heat sources are identical and are of square shape
(12.7 mm). Each heat source consumes an equal

amount of heat energy and generates a uniform heat
¯ux q0 which can be varied as desired. The remaining
walls are assumed adiabatic. The middle Y±Z plane

located at center-line (x=D/2, y=C/2) is taken as the
X±Z plane of symmetry because symmetry has been
observed in previous numerical work [5,9,13] and is

also experimentally con®rmed by others [10,14,15]. The
¯ow geometry is characterized by the enclosure aspect
ratio which is the only geometric parameter that is var-

ied in the study. Table 1(a) summarizes the ®xed and
variable geometric parameters.
Simulations are performed with water, FC-72, FC-

77 and ethylene glycol corresponding to Pr=5, 9, 23

and 130, respectively. The modi®ed Rayleigh number
is varied from 104 to 108 by changing the heat supply
to the heaters. Table 1(b) gives the ranges of these two

model parameters used in the study.

2.3. Boundary conditions

The boundary conditions are as follows:

At X � 0: P � 0,
@y
@X
� 0, U � V �W � 0: �8�
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Fig. 2. Sectional-view of enclosure with discrete heat sources.

Fig. 1. Enclosure geometry.
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3. Numerical method and model validation

A 3-D, non-uniform and staggered grid is used with
a control volume formulation in accordance with the
SIMPLE algorithm. The power law scheme is

employed for the convective-di�usive transport vari-
ables. Pressure-correction and velocity-correction
schemes are implemented in the model algorithm to

arrive at a converged solution when both the pressure
and velocity satisfy the momentum and continuity
equations. For non-linear problems, under-relaxation

is employed to avoid divergence in the iterative sol-
utions by ®rst selecting an under-relaxation factor to
calculate a weighted average of the newly calculated

value and the previous value at each point. The e�ect

of under-relaxation factor on convergence rate is con-
siderable. Unacceptably slow convergence or diver-
gence of the solution is obtained if the factor is too

low or too high. In the present study, strong under-
relaxation is found to be required for the velocities,

particularly on the W-component because of the strong
source term resulted from the buoyancy source term.
On the other hand, temperature requires only minor

under-relaxation. It is recommended that a relaxation
factor of about 0.3±0.5 is to be used for the velocity

components while a factor of about 0.4±0.6 is ade-
quate for the pressure and temperature solutions. The
resulting set of discretized equations for each variable

are solved by the line-by-line procedure which is the
combination of the Tri-Diagonal Matrix Algorithm

(TDMA) and the Gauss±Seidal iteration technique
with additional block-corrected method for fast con-
vergence. For each modi®ed Rayleigh number, the

converged solution obtained from a lower modi®ed
Rayleigh number is used as the initial guess for the

next round of computation to reduce the compu-
tational times. At high modi®ed Rayleigh numbers, it
was found that severe under-relaxation was required to

obtain convergence.
To determine whether the converged solutions corre-

spond physically to the steady solutions, an unsteady
version of the code has been used to check the results
at high modi®ed Rayleigh numbers, i.e., 107 and 108.

The unsteady code is fully implicit in time and uses the
same iteration scheme as the steady version of the

code to obtain convergence within a given time step.
Convergence for a given time step is assumed when the
changes in temperature and velocities between suc-

cessive iterations, for all grid points, is less than
0.001� the maximum value of the dependent variables

at that time step. The convergence criterion for the
steady state is that the changes in all dependent vari-
ables between successive time steps, for all grid points,

is less than 0.0001� the maximum value of the depen-
dent variables.

A 3-D, non-uniform and staggered grid is used to
discretize the physical domain. Grid independence is

Table 1

Summary on geometric parameters (a) and model parameters (b)

(a) Fixed geometric parameters H=95.3 mm, D=57.2 mm; Lz=Lx=12.7 mm Variable geometric parameter

H/Lz Lx/Lz (SxÿLx)/Lz Sx/Lz I/Lz E/Lz b/Lz Enclosure aspect ratio A=H/C

7.5 1.0 0.25 1.25 2.0 2.0 0.5 1.0±20.0

(b) Prandtl number Pr Modi®ed Rayleigh number Ra

5, 9, 25 and 130 104±108
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established by examining the heat transfer from the

surfaces of the heat sources. Test runs are performed
on a series of non-uniform grids to determine the grid
size e�ects. Since a wide range of modi®ed Rayleigh
number is considered, the tests are conducted for three

modi®ed Rayleigh numbers at 105, 106 and 107. The
maximum di�erence in the row-averaged Nusselt num-
ber between grid (37� 31� 61) and grid (95� 31� 91)

is 4.0% for Row 3 at Ra=105. The di�erence in the
row-averaged Nusselt number between grid (55� 31�
91) and grid (95 � 31 � 91) is less than 0.35%. Thus,

the former grid (55 � 31 � 91) is used in subsequent
computations.
The numerical procedures are ®rst validated using

an experimental cubical enclosure with y=0 at Y=1,
and y=1 at Y=0. The modi®ed Rayleigh number is
assumed to be 106 and the Prandtl number is 0.7, cor-

responding to one of the cases investigated by
Lankhorst and Hoogendoorn [16]. Numerical results
are subsequently compared in Fig. 3 with the exper-

imental data of [12] and [17] for di�erent enclosure
width and Prandtl number. Another comparison is
also made with respect to the experimental work by

Fusegi et al. [13]. The results are all in excellent agree-
ment. The model is also validated numerically by com-
paring with those of Heindel et al. [10] and is shown in

Fig. 3. Comparison of results shows the maximum de-
viation is within 4.5%. By extrapolating in Fig. 3, the
Nusselt number is not approaching one but the same
order of magnitude when the modi®ed Rayleigh num-

ber decreases to zero as the limiting case for pure con-
duction.

4. Results and discussions

4.1. 3-D nature of ¯ow ®eld

The model results show that the ¯ow ®eld is com-
plex and only discussed brie¯y. The 3-D nature of the
¯ow ®eld is presented in Fig. 4 for a test case with

Ra=107, Pr=9 and A=7.5 which shows the variations
of velocity pro®les across the enclosure at various elev-
ated sections. The W-component is much greater than

the other two and represents the primary ¯uid motion
in the enclosure. The strength of W-component is how-
ever very weak at the bottom region (Z=01.0) indi-

cating that ¯uid is practically stagnant. Adjacent to the
heated wall, ¯uid driven by buoyancy force begins to
accelerate from the bottom and set up the primary
¯ow in the vertical upward direction. Maximum vel-

ocities across the heater array are attained in all three
columns at about the mid-section (Z=03.0). The W-
component bifurcates towards the ceiling and bottom

noticeably in the enclosure central region (between
Y=0.2 and Y=0.8) and a ¯at-pro®le takes shape
whereby forming a pair of weak, rotating cells. On

approaching the ceiling (Z=0 6.5), the rising plume
begins to decelerate and ¯ow across the enclosure
towards the cold wall. Some of the ¯uids also bifurcate

upon impingement with the ceiling, but they eventually

Fig. 3. Comparison of row-averaged Nusselt number.
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sweep towards the cold wall by the bulk ¯uid motion.
Adjacent to the cold wall, the primary ¯ow is down-

ward. As a result, two main opposite streams are
formed in the enclosure being separated roughly by the
mid-plane at centerline (Y=0.5).

The velocity pro®les for the U-component and V-
component are also shown in Fig. 4 which reveals

complex ¯ow patterns are inevitable as the pro®les
change shapes drastically from one elevated section to

another. In addition, ¯ow reverses its direction rapidly
as the sign alternates between positive and negative.
Although the U-component and V-component are

small in magnitude, they combine with the primary
¯ow (W-component) and the resulting ¯ow is a pair of

Fig. 4. (a) U, V, W velocity pro®les at Z=1.0. (b) U, V, W velocity pro®les at Z=3.0. (c) U, V, W velocity pro®les at Z=6.5.
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counter-rotating helical cells separated by the mid-

plane.

4.2. Temperature ®eld and heat transfer

The nature of the temperature ®elds is illustrated in
Fig. 5 for the case with Ra=107, Pr=9.0 and A=7.5.

The important parameter of practical interest in elec-

tronics cooling application is the maximum surface

temperature (hot spot) on the discrete heater, which in
the present simulations is seen to occur at the top row
because ¯uid motion is weak and the local bulk ¯uid

temperature is high in the ceiling. On the other hand,
the heater surface temperature is the lowest at the bot-
tom row where the local bulk ¯uid temperature is the

lowest.

Fig. 4 (continued)
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The spatial variation of local Nusselt number pre-
dicted by the present model at selected X locations are

presented in Fig. 6. It can be seen that the local
Nusselt number decreases monotonously from the
maximum at the leading edge towards the trailing edge

in all heaters. The local Nusselt number is also non-
uniform across the heater span and attains the maxi-
mum at the heater edges (X=0.5 and X=1.5).

4.3. The e�ects of modi®ed Rayleigh number

For simplicity only the W-velocity component,

representing the primary ¯ow, is used in Fig. 7 to illus-
trate the e�ects of modi®ed Rayleigh number on the
¯ow ®eld for a ®xed Prandtl number (Pr=9) and ge-

ometry (A=7.5). The W-velocity component is very
weak everywhere in the enclosure when Ra < 105.
Under this condition, natural convective heat transfer
is not e�ective and conduction mode prevails. The W-

velocity component increases in strength with Rayleigh
number as the buoyancy force begins to dominate the
¯uid motion and thus convective heat transfer becomes

e�ective. When Ra>107, the W-velocity component
begins to bifurcate in the enclosure central region
(between Y=0.2 and Y=0.8) and a ¯at-velocity pro®le

takes shape whereby forming a pair of rotating cells.
The strength of this pair of cells is much less than the
main helical cells whose sizes have nevertheless been

reduced and are now con®ned to the hot wall (Y=0±
0.2) and the cold wall (Y=0.8±1.0), respectively.
Temperature isotherms on the X±Z planes at

selected Y locations are shown in Fig. 8 for a range of

modi®ed Rayleigh numbers. The hot spots are sup-Fig. 5. Temperature ®eld at Ra=107, Pr=9 and A=7.5.

Fig. 6. Spatial variation of local Nusselt number at selected X locations with Ra=107.
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Fig. 7. W-velocity pro®les at Z=3.0 and selected X locations for di�erent Rayleigh number. (a) X=1.0, Z=3.0. (b) X=1.5,

Z=3.0. (c) X=1.625, Z=3.0.
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pressed and shift towards the ceiling as the modi®ed
Rayleigh number increases. Furthermore, thermal stra-

ti®cation expands from the enclosure bottom into the
mid-section.
The important e�ects of modi®ed Rayleigh number

on heat transfer are re¯ected on the row-averaged
Nusselt number which are illustrated in Fig. 3. This
®gure reveals that the row-averaged Nusselt number

increases with modi®ed Rayleigh number in the power
of 0.27. The modi®ed Rayleigh number has been
extended to a wider range of 104±108 as compared to

others [10±12]. For comparison, the experimental data
of Polentini et al. [12] and Heindel et al. [11] are also
shown in the same ®gure. The maximum deviation
between the computational and experimental results is

8.06% and occurs at Ra=108 at the top-row heaters.

4.4. The e�ects of enclosure aspect ratio

To examine the e�ects of enclosure aspect ratio,
computations are carried out for a dielectric ¯uid FC-

72 (Pr=9.0) with enclosure aspect ratio, A=1.0, 1.5,
2.0, 5.0, 7.5 and 20.0 while other geometry remain
unchanged. Numerical results are obtained for range

of modi®ed Rayleigh numbers from 105±107. Again,
only the W-component is used in Fig. 9 to illustrate

the e�ects of enclosure aspect ratio on ¯uid ¯ow inside
the enclosure. As the enclosure aspect ratio reduces,
the hot wall and cold wall are farther apart and

become less dependent on each other. Flow tends to be
con®ned to the opposite walls leaving the central
region practically stagnant.

Fig. 10 illustrates the e�ects of aspect ratio on the
row-averaged Nusselt number. The row-averaged
Nusselt number attains the maximum value in the

range of enclosure aspect ratios from 3 to 20. It begins
to decrease as the enclosure aspect ratio varies from 3
to unity. This suggests that A1 3 is the optimal enclo-
sure aspect ratio to get maximum heat transfer from

the discrete heaters. It is also noted from the same
®gure that, for a given modi®ed Rayleigh number, the
lowest row-averaged Nusselt number is at the top-row

heaters and the highest row-averaged Nusselt number
is at the bottom-row heaters, respectively. This means
the highest heater surface temperature occurs at the

top-row heaters regardless of the enclosure aspect
ratio. This ®gure also shows that the e�ects of enclo-
sure aspect ratio on the row-averaged Nusselt number

Fig. 8. Isotherms on the X±Z planes at selected Y locations for Ra=107, Pr=9 and A=7.5: (a) Y=0; (b) Y=0.035, (c) Y=0.1;

(d) Y=0.2.

S.K.W. Tou et al. / Int. J. Heat Mass Transfer 42 (1999) 3231±3244 3241



Fig. 9. E�ects of enclosure aspect ratio on W-velocity pro®les at di�erent Z elevations for X=1.0, Ra=107 and Pr=9.0:

(a) A=20.0; (b) A=5.0; (c) A=1.0.
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tend to degrade with decreasing modi®ed Rayleigh
number.

4.5. The e�ects of Prandtl number

Computations are carried out for various ¯uids
(water, dielectric ¯uorinerts and ethylene glycol) corre-

sponding to Pr=5, 9, 25 and 130, respectively. It is
found that, with other parameters unaltered, Prandtl
number has a negligible e�ect on heat transfer and

¯uid ¯ow. This indicates that the results obtained from
water would be applicable to the dielectric liquids as
well. This allows the use of water to study dielectric

liquids provided the ¯ow geometry and other non-
dimensional parameters are similar.

5. Conclusions

. The ¯ow ®eld, driven by buoyancy force, is complex

since it is a�ected by the temperature ®eld inside the
enclosure. The modi®ed Rayleigh number and 3-D
enclosure geometry also play a key role in setting up

pairs of counter-rotating helical cells.
. At low modi®ed Rayleigh number (<105), ¯uid is

practically stagnant. As the modi®ed Rayleigh num-

ber increases, the primary ¯ow strengthens and is
con®ned to the two opposite walls and a pair of
weak rotating cells form in the central region. The

row-averaged Nusselt number increases with modi-
®ed Rayleigh number in the power of 0.27.

. Heat transfer from discrete heaters is non-uniform

and should be accounted for by applying the aver-
aging techniques. Maximum heat transfer occurs at
the heater leading and side edges. The heater surface
temperature is the highest at the top-row heaters

and the lowest at the bottom regardless of the modi-
®ed Rayleigh number and enclosure aspect ratio.

. The row-averaged Nusselt number attains the maxi-

mum value in the range of enclosure aspect ratio
from 3 to 20. It begins to decrease as enclosure
aspect ratio varies from 3 to unity. This optimal

enclosure aspect ratio (A1 3) should be observed in
packaging design. The e�ects of enclosure aspect
ratio on the row-averaged Nusselt number tend to

degrade with decreasing modi®ed Rayleigh number.
. The e�ects of Prandtl number are negligible in the

range from 5 to 130. This allows the use of liquids
such as water for studying other dielectric liquids

provided the ¯ow geometry and other non-dimen-
sional parameters are similar.
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